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Monotone Preferences over Information

Juan Dubra and Federico Echenique

Abstract

We consider preference relations over information that are monotone: more information is
preferred to less. We prove that, if a preference relation on information about an uncountable set
of states of nature is monotone, then it is not representable by a utility function.

KEYWORDS: value of information, Blackwell´s Theorem, representation theorems, monotone
preferences



1 Intr oduction

“We would like to seeit as a desideratumfor normative decisiontheoriesthat
receiptof new informationwill alwaysbeappreciated.” Wakker (1988)

Understandingthe valueof informationhasbeenin themindsof economistsandstatisti-
ciansfor a long time. Thereis an older literature(e.g.Blackwell (1951),Marschak(1974),
Gould(1974),andAllen (1983)),anda renewedinterestin thevalueof informationin recent
years(e.g.Athey andLevin (1998),Persico(1996),andPersico(1999)).

In thispaperwemakefour contributionsto this literature.Firstweprovetwo impossibility
theorems.We considerpreferencerelationsover informationthataremonotone, in thesense
thatmoreinformationis strictly preferredto less;we show that, if thestatespaceis uncount-
able,nomonotonepreferencerelationoverinformationcanberepresentedby autili ty function.
That is, if a decisionmaker alwaysprefersmoreinformationto less,his preferences over in-
formationstructurescannotberepresentedby autility function.Thetwo theoremsaccountfor
thetwo usualwaysof modelinginformation: throughpartitionsof thestatespace,andthrough
σ-algebras.

Our resultis importantbecauseit shows thatutility theoryis not likely to bea usefultool
in theanalysisof thevalueof information. This findingshouldbecontrastedwith theexisting
literatureonthevalueof information,whereutility representationsareused.Theuseof autili ty
impliesthatpreferences arenot monotone. Besidesmakinga contribution to the literatureon
the value of information, this result is also relevant for the literatureon utility theory. In
particular, economistshavelongstudiedthebehavioral consequencesof theexistenceof utili ty
functions.For example,Koopmans(1960)showedthatif autility functionfor theuncountable
setof infinite pathsof consumption exists, the decisionmaker mustexhibit impatience. Our
resultshows that if a utility functionfor information structureson anuncountablestatespace
exists, thedecisionmakermustexhibit indifferenceto information.1

Our secondcontribution is didactic. We give a simple proof of one of our impossibil-
ity theoremswhenthe statespaceis [0,1]. We believe that this is a betterexample of non-
representabilitythan the usualtextbook example,lexicographic preferences.Lexicographic
preferencesarenotpresentin many economicapplications,while problemsinvolving thevalue
of informationarecommon.Ourmethodof proof is essentiallythesameasthatof thestandard
textbook proofof non-representability of lexicographic preferences.

Our third contribution is to show thatmonotonepreferences over informationarethefirst
economicexampleof non-representabilitythatis essentiallydifferentfrom lexicographicpref-
erences.Recently, Beardon,Candeal,Herden,Induŕain andMehta (2000)have shown that
thereareexactly four classesof non-representablepreferences,oneof which is thesetof pref-
erencesthatareisomorphic to lexicographic preferences.Beardonet al. (2000)arguethatall
economicexamplesof non-representability belongto the lexicographic class;we show that
monotonepreferences over information belongto oneof theotherthreeclasses(concretely, it
is a long line, seebelow for adefinition).

1We thankStephenMorris for bringing thiscloseconnectionto ourattention.
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Our final contribution is to show that monotonepreferences over information on an un-
countablestatespacearea violationof expectedutility. Wakker (1988)suggests that(weakly)
monotone preferencesover informationmight imply expectedutility. In light of our results,
this is false.An expectedutility maximizer’s preferencesinducean(indirect)utili ty function
for informationstructures,andour main resultshows that if preferencesaremonotone(and
thusweaklymonotone)they arenot representableby a utili ty function.

1.1 Monotonepreferences

Themaintainedassumption in thepaperis thatpreferencesarecomplete,transitiveandmono-
tone.Monotonicity in ourcontext meansthatif partition(or σ-algebra)A is finer thanpartition
(or σ-algebra)B � thedecisionmakerstrictly prefersA �

An objectionto this assumption is thata decisionmaker (DM) who conformsto Savage’s
axioms,andthushaspriorsoverthestatespace,will nothavemonotonepreferencesoverinfor-
mationif thestatespaceis uncountable.To seethis,supposethatthestatespaceis theinterval�
0 � 1� , andthatDM’spriorsarerepresentedby theuniformdistribution. ThenDM is indifferent

betweentotal ignoranceandreceiving asignalthattellsherif thestate1� 2 hasoccurredor not.
Ex-postknowledgeof thestate1� 2 maybevaluable,but sinceit is aprobabilityzeroeventthe
signalis worthlessto DM.

Thesourceof theproblemis notsimply thatpriorsruleouta largenumberof atoms.There
aremodelsof non-expectedutility (e.g.Schmeidler(1989),Gilboa andSchmeidler(1989))
thatallow anuncountablenumber of atoms.2 Our resultimpliesthat,evenfor thesemodels,a
representationis impossible.

Still, webelieve thatmonotonicity is anaturalassumption for at leastfour reasons.First, it
is dubiousthat,if asked,many peoplewouldbeexactly indifferentbetweenignoranceandthe
1� 2-signalabove. It is, afterall, anempiricalquestion: whatis thebestbehavioral assumption
for theanalysisof information,Savage’s axiomsor monotonicity? Thestageis indeedsetfor
a “paradox,” if peoplemakemonotonechoicesover informationthey cannothavepriors.

Thequestionthenarises:how wouldonetestfor monotonicity?3 Wenow turnto this issue,
by describinga choiceproblemwherethe decisionmaker mustfirst choosethe information
structurethathefindsmoreusefulfor a secondchoiceprobleminvolving bets. Supposethat
partitionτ is finer thanτ � , so thereis anelementk� of τ � that is theunionof a collection � kα �
of elementsof τ � Let k beany elementof thecollection � kα � andkc theunionof therestof the
elementsof thecollection. The individual mustfirst choosebetweenτ andτ � � Then,after he
is informedin whatelementof thechosenpartitionthetruestatelies,hemustchoosebetween
thefollowing acts(bets)

f � 	
z if thestateis in k
0 otherwise

and f c � 	
z if thestateis in kc

0 otherwise,
2For example, acapacitycanassignpositivemassto anuncountablenumberof singletons. Seesection2.4for

anexample with maxminpreferences.
3We thanka refereefor raisingtheissueof how to elicit preferencesover informationstructures.
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wherez is a largesumof money. This is basicallythe1� 2-signalexampleabove. Our experi-
encein classroomandseminar“experiments”is thatanimportantproportionof peopletrained
in probabilityandBayesiandecision-making, like economists, displaymonotonepreferences
in testslike this. For this reasonwebelieve thatmany peopledohavemonotonepreferences.

A secondreasonwhy oneshouldstudytheconsequencesof monotonicity wasbeautifully
statedby Wakker (1988) in the quotation at the beginning: monotonicity is normatively a
naturalassumption, andtherefore,its consequencesmustbeinvestigated.

A third reasonwhy monotonicity is relevant, is that theproblemof whetheran individual
likesfinerpartitionsis independentof, andmaybemorebasicthan,whetherDM’spreferences
accordwith Savage’s theory. We may wish to analyzethe robustnessof a utility represen-
tation, in which casewe needto analyzearbitrarypreferences over information,andrepre-
sentationbreaksdown. In fact, representationrestson a large numberof indifferences;any
psychologicalwrinkle thatcouldtilt this indifferencestowardsmonotonicity makesany utili ty
representationbreakdown. In avaguesense,then,representablepreferencesover information
arenon-generic.To illustratethis point, we show how monotonepreferencesarisenaturally
if the individual is a maxminimizer. Sinceit hasbeenarguedthat this may happenif DM is
uncertaintyaverse,theexperimentalevidencethatindividualsdislikeuncertaintysuggests that
monotonepreferencesmaybeempiricallyimportant.4

A fourthreasonwhy wethink thatmonotonepreferencesareimportantis thatintrospection
anda very wide bodyof psychological researchsuggestthat information hasintrinsic value.5

Thatis, peoplevalueinformationnotonly to make contingentplans,but alsofor its own sake.
Psychologists have long recognizedthe importanceof anticipatoryfeelingsrelatedto theac-
quisition of informationandresolutionof uncertainty. For instance,anxietytheory is today
oneof themostactiveareasof research in psychology. Of course,thedesireto reduceanxiety
will inducemonotonepreferences for information.6 Grantet al. (1998)quotea physicianas
saying,abouttestsof incurablegeneticdisorders,that “There aresomepeoplewho, even in
theabsenceof beingableto alteroutcomes,find informationof this sortbeneficial.” In those
cases,evenif peoplehavepriorsoverthestatespace,preferencesfor informationwill typically
bemonotone.

Finally, a commenton the criticism that monotonepreferencesareuninterestingbecause
they precludeexpectedutili ty is in order. Takenseriously, thisview impliesthatweshouldnot
studyanyproblemsbeyondtherealmof expectedutili ty. Then,a hostof interestingquestions
suchas, just to namean example,the relation betweenrisk and information, could not be
analyzed.7

4SeeGilboaandSchmeidler(1989)wheretherelationbetweenuncertainty aversionandmaxminpreferences
is discussed.

5See,for example, Grantet al. (1998), Chew andHo (1994) Ahlbrecht andWeber(1996) andthereferences
citedtherein.

6On thetopicof anxiety andanticipatory feelings in economics,seeCaplinandLeahy(2001).
7SeeGrantet al. (1998), Schlee(1990), Schlee(1991) Machina(1989) andSafraandSulganik (1995) for

moreon this topic.
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2 The Non-representationTheorems

Onestrategy for modelinginformationis to identify information with partitionsof the state
space;in this model, more informationsignifiesa finer partition. In mathematics, this ap-
proachwasinitiatedby Hintikka (1962),andintroducedto economicsby Aumann(1974). A
preferencerelationon the setof all partitions is monotoneif finer partitionsarepreferredto
coarserpartitions. Thesecondapproachis to modelanagent’s informationby aσ-algebraover
thestatespace—thisapproachis commonin statistics, but alsoin economicsandfinance.A
σ-algebrarepresentsmoreinformationthananotherσ-algebraif it is finer. Preferenceson the
setof σ-algebrasaremonotoneif, whenever oneσ-algebrais containedin another, the larger
oneis preferred.

In this sectionwe prove the main resultsof this paper: that monotone preferences over
informationcannotberepresentedby autility functionif thestatespaceis uncountable.In the
next subsectionweprovetheresultfor thepartitionsapproach,in Theorem1. In thefollowing
subsectionweprove it for theσ-algebraapproach,in Theorem2.

Theorems1 and2 areindependentresults,asthetwo approachesto modeling information
arenotequivalent,andneithermodelis moregeneralthantheother(seeDubraandEchenique
(2000)).

2.1 Partitions

In this sectionwe modelinformationby partitionsof a setof possiblestatesof nature,Ω. A
partition τ of Ω is a collectionof pairwisedisjoint subsetswhoseunion is Ω; note that for
eachstateof natureω thereis a uniqueelementof τ thatcontainsω. A decisionmaker whose
informationis representedby τ is informedonly that the elementof τ that containsthe true
stateof naturehasoccurred. In otherwords,the decisionmaker cannotdistinguishbetween
statesthatbelongto thesameelementof τ.

A preferencerelation on a set X is a complete(total), transitive binary relation on X.
Throughoutthis note,thesymbol 
 will standfor a preferencerelation.A preferencerelation
 is representableif thereis a functionu : X � R suchthatx 
 y if andonly if u � x�� u � y .

Let ��� Ω  bethesetof all partitionsof Ω. If τ � τ ������� Ω  , saythatτ � is finer thanτ �� τ � if,
for everyA � τ � , thereis B in τ suchthatA � B. A preferencerelation 
 on ��� Ω  is monotone
if τ � τ � wheneverτ � is finer thanτ.

Monotonicity is a naturalassumption on preferences: if τ � is a finer partition thanτ, then
τ � containsmoreinformation.8 The intuition is the following. Supposea decisionmaker has
informationrepresentedby τ � . Whenstateω occurs,sheis informedof theeventB � τ � . That
is, sheknows that somestatein B hashappened,but doesnot know which oneexactly. If
her informationhadbeenrepresentedby τ, shewould have known thata certaineventA � B
occurred.In this case,shecouldnot rule out statesin A but not in B, whereas,if herpartition
is τ � , shewouldknow thatstatesin A� B did notoccur.

8Which doesnot contradict thatτ � couldhave moreinformationthanτ andnot befiner, only that refinement
is sufficient for moreinformation.So,ourdefinitiondoesnotcontradicttheanalysis in Athey andLevin (1998)
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We now stateour main theorem. It establishesthat whenthe statespaceis uncountable,
preferencesthatprefermoreinformation to lesscannotberepresentedby autility function.

Theorem 1 Let Ω beuncountable. If 
 on ��� Ω  is monotone thenit is not representable.

Remark. Althoughall thetheoremsin this notearestatedfor completepreorders,theproofs
show thatthetheoremsholdfor possibly incompletepreorders.For example,Theorem1 would
saythat if an incompletepreferencerelationis monotone,theredoesnot exist a representable
properextension.9

All proofs,exceptthatof Proposition3, arepresentedin the appendix.To gainsomein-
tuition for why the theoremis true, recall that the representationof a preferencerelation is
alwaysamatterof how largeindifferencecurvesare—atoneextreme,if anagentis indifferent
betweenall elementsof her choiceset,thenher preferencesarerepresentedby any constant
function.Here,monotonicity of preferencesoveralargeset,thesetof partitionsof anuncount-
ableset,impliestheexistenceof “too many” indifferencecurves.Theproof of Proposition3,
in turn,gives amorepreciseintuition for why Theorem1 is true.

2.2 σ algebras

In statisticsandfinance,but alsoin economics(seefor exampleAllen (1983)),theinformation
possesedby an individual is often modeledthrougha σ-algebra,andnot a partition, on the
spaceof statesof nature. In this model, thereis a primitive measurablespace � Ω � F  , and
informationis identifiedwith sub-σ-algebrasof F �

Let � Ω � 2Ω  be theprimitive measurablespace.Let ��� Ω  be thesetof all σ-algebrason
Ω. If F � G ����� Ω  , saythatF is finer thanG if G is a propersubsetof F � notedG  F � The
intuition behindtheuseof σ-algebrasis that if A � B � Ω arenot measurablebut A ! B is, then
thedecisionmaker cannotdistinguish betweenstatesin A andstatesin B; shecandistinguish
betweenstatesin A ! B and in � A ! B c. Thus if F is finer thanG, thenF representsmore
informationthanG.

A preferencerelation 
 on �"� Ω  is monotoneif G � F wheneverF is finer thanG.

Theorem 2 Let Ω beuncountable. If 
 on �"� Ω  is monotonethenit is not representable.

2.3 Theorem1 junior grade

Theorems1 and 2 show that utility theory is not a useful tool in the analysisof the value
of information. Besidesthis substantive contribution, we canalsomake a didacticcontribu-
tion by providing a simple example of non-representability. The canonicalexampleof non-
representabilityis lexicographic preferences,but the only placestudentsof economicsfind
lexicographicpreferencesis in discussions of representability. We believe that preferences
over information is a morerelevantexample of non-representability. Proposition 3 shows that

9A preorder # is a proper extensionof $ if p % q implies p & q ' SeeDubra andOk (2000).
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no monotonepreferenceover informationon partitionsof
�
0 � 1� is representable.Themethod

of proof is basicallythesameasfor lexicographicpreferences.

Proposition3 Let Ω � �
0 � 1� . If 
 on ��� Ω  is monotonethenit is not representable.

Proof. Suppose,by wayof contradiction, thatthereis a functionu : ��� Ω (� R thatrepresents
 . For eachx �)� 0 � 1 let
τx �*�+� y � : 0 � y , x � ! � x � 1� �
τ �x �-�+� y � : 0 � y � x � !.� x � 1�/�

Note that τx � τ �x �0��� Ω  , andthat τx � τ �x, asτ �x is finer thanτx. But thenthereis a rational
numberr � x suchthatu � τx �, r � x1, u � τ �x  . Let x �� x̃, sayx , x̃, thenτx̃ is finer thanτ �x. Thus

u � τx 2, r � x1, u � τ �x �, u � τx̃ 2, r � x̃2, u � τ �x̃ 3�
But thenr is injective,acontradiction. 4
Remark. Non-representabilityin generaluncountable subsetsof R canbeprovenby a slight
modificationof theproofof proposition 3.

2.4 An example: Maxmin Preferences

An expected-utility-maximizerdoesnothavemonotonepreferencesoverinformation. Herewe
presentan exampleof a decisionproblemwith maxminpreferences,underour assumptions,
the derived valueof informationis suchthat beinginformedin a particularstatemakesDM
alwaysstrictly betteroff. Becauseof this monotonicity, herpreferencesarenot representable
by autili ty.

Let Ω � �
0 � 1� and P a setof probability measureson Ω. DM mustchoosean element

(action) in A � �
0 � 1� after observinga signalaboutthe stateof nature. Her state-contingent

utility is givenby u � ω � a(�-56� ω 5 a 2 (e.g.DM is astatisticianseekingto minimize themean
squarederror). We will assumethat DM is a maxminimizer, so the utility in event B when
actiona is chosenis

U � B � a7� inf
p 8 B9;: 0 <

B

u � ω̃ � a
p � B dp � ω̃ 3�

We needmaxU � B � a to bewell defined,sothata
�
B� , theoptimal actionin eventB exists.

For example,if P containsall degeneratepriorsonΩ, thenmaxU � B � a is well defined.To see
this, let B standfor theclosureof B � andaB = a � argminω > B � ω 5 a 2 � we have thatU � B� a1�
u � aB � a?� Therefore,U � B � a is acontinuousfunctionof a � anda

�
B� , theoptimalactionin event

B is well defined.
A setP of probability measuresover Ω is broad if the setof ω � Ω suchthat p � ω A@ 0

for somep � P is uncountable.This is the case,for example, if P containsall degenerate
probability measures.Natural choicesof P arebroad,for examplethe setof all priors, or,
givenaprior p, the“ε-contaminated”setof all εp BC� 1 5 ε  p � for arbitraryp� . 10

10This remark is dueto ananonymous referee.
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We will assumethatDM’spreferencesoverpartitions satisfythefollowing axiom.

Dominance. If for all ω � Ω,

U � kτ � ω ED kτ F � ω  � a � kτ � ω G�H2I U � kτ � ω ED kτ F � ω  � a � kτ F � ω G�J
andthereexistsω̃ andp � P with p � ω̃ �@ 0 suchthattheabove inequality is strict, thenτ K τ �H�

DM is comparingtwo partitionsτ andτ �J� In doingso,sheimaginesherselfin a fixedevent
kτ � ω LD kτ F � ω �� Supposesherealizesthattheutility shewouldobtainbychoosingtheτ-optimal
actionin any of the statesin that event is weakly larger thanthat shewould obtainfrom the
τ � -optimalaction.Supposein additionthatDM believes that,with positive probability, a state
will occurin which,choosingtheoptimal actionunderτ will make herstrictly betteroff than
choosingthe optimal actionunderτ �J� Thensheshould strictly preferpartition τ over τ �J� We
shallassumethatDM usesBayesianupdatingonall priorsin P, this is for simplicity, thereare
otherchoices(GilboaandSchmeidler, 1993).

Proposition4 Let 
 bea preferencerelationover ��� Ω M� If P is broad,U � B � a is continuous
for all B � and 
 satisfiesdominance, then 
 is not representable.

Remark. If dominanceisstrengthenedsothattheconclusionfollowswithoutrequiringp � ω N@
0, thenweobtainnon-representationalsofor expectedutility. Weusemaxminasanaturalway
of incorporatingmultiple priors,andthusanuncountablenumberof atoms.

3 Recovering the representation.

Giventhenegativeresultin Theorem1,onemaywonderunderwhatconditionsonecanrecover
autili ty representationfor preferencesfor information.In thissectionwediscusstheexistence
of a representationwhenΩ is countable,andthenpresenttwo alternative modelsthatyield a
representation,andcommenton their relativemerits.

In whatfollows we will only dealwith thepartitionsmodelbecausewe believe thatthis is
themorenaturalway to modelinformation.

3.1 Countable Ω
It is naturalto askif Theorem1 canbe strengthenedto countableΩ. Example5 shows that
it cannot. WhenΩ is countable,therearemonotonepreferencesover information that are
representable.Example5 maybesomewhat misleading, though. We show (Theorem6) that,
if preferences aremonotone,but individual statesarestill relatively unimportant, thenthereis
autility if andonly if Ω is finite.
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Example5 ConsiderΩ �PO�� 1� 2 i : i � N Q . Any τ �0��� Ω  hasat mosta countablenumber

of elements,sayτ �R� Ak : k � N � (if τ hasa finite numberof elements,put Ak � /0 asoftenas
necessary).Let

u � τ (� ∑
k > N = Ak ST /0

inf Ak �
Thenu representsa monotone preferencerelationover information on Ω (namelytheprefer-
encerelationinducedbyu).

Let Ω bea setand 
 a preferencerelationon ��� Ω  . An elementω � Ω is anatom for 

if, for any A � Ω with ω � A andat leasttwo elements,� A � Ac � 
 τ 
U�+� ω � � A��� ω � � Ac �
is satisfiedonly for τ �R� A � Ac � or τ �R�+� ω � � A��� ω � � Ac � . A stateof natureis anatomif the
decisionmaker gainsrelatively little from beingperfectly informedaboutthis state—inthe
sensethatany partitionthatis preferredover � A � Ac � is alsopreferredover �+� ω � � A��� ω � � Ac � .
Theorem 6 Let Ω be a set. A monotone preferencerelation on ��� Ω  that hasan atom is
representableif andonly if Ω is finite.

3.2 Priors on Ω and worthlessstates.

We arguedin the Introduction that theexistenceof priorson thesetof statesof naturecould
imply that preferencesarenot monotone. We presenta simple modelwherea utility repre-
sentationfor partitionsarises.Versionsof this modelareusedin many paperson thevalueof
information(e.g.Blackwell (1951)andAthey andLevin (1998)).

We shallnow rule out intrinsic preferencesfor information,andonly considerpreferences
for informationderivedfrom theroleof informationin guiding choices.

Thereis a setΩ of statesof nature.DM mustchooseanaction,anelementin a compact
setA, afterobservinga signalaboutthestateof nature.DM’s prior knowledgeis represented
by theprobabilitymeasureµ over Ω, given a probability space� Ω � F � µ . In this section,��� Ω 
will standfor thesetof measurablepartitions.Let u : Ω V A � R beDM’s(measurable)state-
contingentutili ty function. Givenany partition τ �W��� Ω  andω � Ω, let kτ � ω  betheelement
of τ that containsω. Whenω is realized,the decisionmaker is informedthat an elementin
kτ � ω  hasoccurred.Let

aXY� ω 2� argmax
a > A < kτ 8 ω 9 u � ω̃ � a dµ � ω̃  �

sothat for eachω, aX � ω  is DM’s optimal choice,givenhersignalkτ � ω  (in fact theselection
a �Z�[ canbetaken to bemeasurable).We saythata preferencerelation 
 on ��� Ω  is derived
from priors if it is representedby autili ty functionU : ��� Ω (� R suchthat

U � τ \� < Ω

	
< kτ 8 ω 9 u � ω̃ � aX]� ω ^ dµ � ω̃ `_ dµ � ω 
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for someactionspaceA � u : Ω V A � R andbeliefsµ�
As a trivial corollaryof Theorem1, weobtainthefollowing result.

Corollary 7 If 
 on ��� Ω  is monotoneand Ω is uncountable, then 
 is not derivedfrom
priors.

To seewhy theresultingpreference relationis notmonotone,let all singletonsetsbemea-
surable(i.e. � ω � � F for all ω � Ω) andnotethatall but a countablenumberof ω have zero
probability. Then,sinceit is worthlessto be perfectly informedin a zeroprobability event,
DM’s utili ty is not higheraftera refinementof a zeroprobabilityω. Thus,requiringthatDM
haspriorsis like reducingthesizeof Ω �

Note that the construction of U requiresa good deal of faith in the setup. If we wish
to analyzethe robustnessof theU constructionwe would needto considerpreferencesover��� Ω  , andrepresentationis no longerguaranteed.

3.3 Finite Action Space.

Thevalueof moreinformation, of afinerpartition,is thatDM haslessrestrictionsonherchoice
of action. DM must choosethe sameaction at statesthat shecannotdistinguish between,
so a finer partition easessomerestrictionsand thusmustmake DM (weakly) betteroff. If
DM facesa limited numberof alternative actions,moreinformationmay not alwaysmake a
difference—DMwill not strictly gainfrom moreinformation. Thus,a limit on thenumberof
possiblechoiceshasmuchthesameeffectastheexistenceof priors,it limits thevalueof being
informedin particularstates.

The setupin this sub-sectionis the sameasin 3.2, only we now allow for moregeneral
preferences.Thesetof statesof natureis Ω, DM mustchooseanactionin A afterobserving
a signalaboutthe stateof nature.The primitivesof the modelarea collection �a
 B � B > 2Ω of
preferencerelationsoverA � andapreferencerelation 
 over ��� Ω 3�

Theinterpretationof 
 B for afixedsubsetB of Ω is thefollowing. Supposestateω occurs
andDM is informedof theelementof thepartitionthathasoccurred,sayB � kτ � ω 3� Giventhis,
shechoosesanactionthat is maximalaccordingto 
 B. Saythataτ � ω  is themaximal action
accordingto 
 kτ 8 ω 9 . Thus,eachpartitionτ generatesafunctionaτ : Ω � A � Let f : ��� Ω b� AΩ

bethemapthattakespartitionsinto functionsfrom Ω to A : f � τ \� aτ �
DM is also endowed with the preferencerelation 
 on ��� Ω  , which is assumedto be

consistentwith the collection �a
 B � in the sensethat, if two partitionsτ andτ � aresuchthat
aτ � aτ F , τ c τ � �

Thenext proposition shows, aswasarguedin thebeginning of this section,that reducing
thenumberof actionsDM canadoptenablesrepresentationof herpreferences.

Proposition8 If Ω is a compactmetricspace, A is finite, and f � τ 1� AΩ is continuous for all
τ, then 
 is representable.
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4 Preferencesover information arenot lexicographic

“So the answerto the crucial questionin utility theoryaboutwhetheror not the
onlynon-representablepreferencerelationisessentiallytheDebreu(lexicographic)
chainis, somewhat informally, yesprovidedthatwe do not wantexamplesbased
onordinalnumberswith largecardinality.” Beardonet al. (2000)

Theorem9 below shows that a monotonepreferenceover an uncountable statespaceis
essentiallydifferentfrom lexicographicpreferences.As wasshown in Proposition3 onecan
build anexampleof anonrepresentablepreferencerelationthatmakesnoexplicit useof ordinal
numbers.Still, of course,thereasonwhy representabilityfails is thelargecardinalityof theset
of all partitionsonΩ : non-representabilityin Theorem1 comesfrom theexistenceof toomany
partitionsto berankedstrictly. Theexistenceof a utility would imply that thereare“only” a
continuummany partitionsthatcanbestrictly ranked.

Thedual orderof a givenorderedset d X � 
fe is theorder 
 d on X definedby x � d y if and
only if y � x � Let γ bethefirst uncountableordinal.An orderedset d X � 
fe is long if d X � 
ge , ord X � 
 d e , containasub-chainwhich is order-isomorphicto

�
0 � γ  . 11

Theorem 9 Let Ω beuncountable. If 
 on ��� Ω  is monotone then dh��� Ω  � 
ge is long.

Beardonetal. (2000)show that,if dh��� Ω  � 
ge is long,it isnotorder-isomophic to thelexico-
graphicline. So,ournon-representationtheoremis essentiallydifferentfrom thelexicographic
result.

5 Concluding Remarks

In largesets,therepresentationof a decisionmaker’s preferencesby a utility dependson the
“size” of her indifferencecurves. At oneextreme,if DM is indifferentbetweenall possible
statesherpreferencesaretrivially representable;this is alsothecaseif DM hasafinite number
of indifferencecurves. Preferencesover information are typically weakly monotone, in the
sensethatmoreinformation isweaklypreferredto less.Weshow thatif indifferenceis ruledout
for alargeenoughsetof statesby requiringstrictmonotonicity, thereis noutility representation
for preferencesover information.

Thequestionof weakvs.strict monotonicity is reminiscentof preferences over sequences
of outcomesin repeatedgames. The “overtakingcriterion” assumesthat no outcomein an
individual timeperiodis important,while the“discountingcriterion” assumesthatachangein
payoffs in any singletimeperiodmakesadifference.Here,asin repeatedgames,bothassump-
tionshavetheirmerit. But, unlike in repeatedgames,herethey giveverydifferentconclusions.
Whenindividualstatesareunimportant(e.g.becauseof Savage’s axioms, or becausethereare
few alternativeactions)thereis autility, but whenenoughstatesareimportantthereis none.In
our opinion this implies thatany representationof preferencesover informationis not robust
to changesin theenvironment.

11SeeBeardonet al. (2000) for details.
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6 Appendix

Proof of Theorem 1. Let � linearly orderΩ (suchan orderexists, for example,let � well
orderΩ). For all ω � Ω, defineτω � τ �ω ����� Ω  by

τω �i�+� θ � : 0 � θ , ω � !j� θ : ω � θ � �
τ �ω �i�+� θ � : 0 � θ � ω � !j� θ : ω , θ � �

Notethatτ �ω is finer thanτω, andthatif ω , ω̂, thenτ �ω 
 τω̂.
Suppose,by way of contradiction,that thereis a utili ty u : ��� Ω 1� R that represents
 .

Then,for eachω � Ω thereis a rationalnumberr � ω  suchthat u � τω A, r � ω A, u � τ �ω  . Let
ω �� ω̂, say ω , ω̂, then r � ω k, u � τ �ω l� u � τω̂ l, r � ω̂  . Thus r : Ω � Q is an injection, a
contradictionasΩ is uncountable.4
Proof of Theorem 2. Let � linearly orderΩ, andendow Ω with theorder-interval topology.
For all ω � Ω, let m ω denotetheBorel σ-algebraon � θ : θ , ω � , and m �ω theBorel σ-algebra
on � θ : θ � ω � � To eachω weassociatetwo σ algebrasσω andσ �ω definedby

σω � m ω !j� B !j� θ : ω � θ � : B �.m ω �
σ �ω � m �ω !Wn B !j� θ : ω , θ � : B ��m �ω o

First, it is easyto checkthat σω and σ �ω are indeedσ algebras. Second,σω � σ �ω, as any� θ : θ , ω � -openset is openandcontainedin � θ : θ � ω � . Then, � ω � � σ �ω and � ω � �� σω
imply thatσω  σ �ω �

Suppose,by way of contradiction,that thereis a utility u : �"� Ω p� R that represents
 .
Monotonicity ensuresthatonecanassignto eachω a rationalr � ω  suchthat

u � σω �, r � ω 2, u � σ �ω 3�
Now pick any β � Ω � sayω , β � Sinceany � θ : θ � ω � -closedsetis � θ : θ , β � -closed,m �ω �m β. Then, � θ : ω , θ � β � ��m β impliesthatσ �ω � σβ � Thus,

u � σω 1, r � ω 1, u � σ �ω 1� u � σβ 1, r � β �, u � σ �β  �
andr is injective,acontradiction. 4
Proof of Proposition 4. We now show that, if a partitionτ is a “one-pointrefinement”of τ � �
thenτ K τ � � Pick any k � τ � with at leasttwo elements,andfix ω � k with ω �� a

�
k�/� We will

now show that
τ � n l Dj� ω � : l � τ � o ! n l Dj� ω � c : l � τ � o

andτ � satisfydominance(τ is a one-pointrefinementof τ � ).
Notethatfor all ω � �� kτ F � ω  � wehave thatkτ F � ω � \� kτ � ω �  andthus

U q kτ q ω �sr D kτ F q ω �sr � a t kτ q ω �urwvxr � U q kτ q ω �sr D kτ F q ω �ur � a t kτ F q ω �srwv3r
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Now, fix any ω �?� k � Two casesmustbeconsidered.
I) ω �w� ω � In thiscase,kτ � ω �sLD kτ F � ω �yz�{� ω � � SinceP is broadthereis p � P with p �G� ω � N@ 0.
Sinceω �� a

�
k� wehave

U �G� ω � � a � kτ F � ω |�J}� U �G� ω � � a � k�~� <�
ω �

u � ω̃ � a � k�H
p �G� ω �  dp � ω̃ 

� u �G� ω � � a � k�J, u � ω � ω (� U �G� ω � � a � kτ � ω G�~
II) ω � �� ω � In thiscase,kτ � ω � +D kτ F � ω � �� kτ � ω � �� Then,by definitionU � kτ � ω �  � a � kτ � ω � h�JpI
U � kτ � ω �y � a � kτ F � ω �y|�~��

In fact, monotonicity to one-pointrefinementsis all that is neededin the proof of Theo-
rem1. Thus 
 is not representable.4
Proof of Theorem 6. Theproof makesuseof theclassicalrepresentationtheoremof Garrett
Birkhoff (seeTheorem3.5 in Kreps(1988)): a preferencerelation 
 on a choicespaceX is
representableif andonly if X is order-separable;thatis, if andonly if thereis Z � X, countable,
suchthatx � y � X, x � y imply thatthereis z � Z with x 
 z 
 y.

(if) If Ω is finite, then ��� Ω  is finite andthereforeorder-separable.By Birkoff ’sTheorem,
 is representable.
(only if) Let Ω be infinite and ω � Ω an atomfor 
 . Thereis an uncountable number

of setsA that containω andhave at leastanotherelement.Let p � A2��� A � Ac � and p��� A2��+� ω � � A��� ω � � Ac � . Notethat p � A � p�;� A2�.��� Ω  andthat p � A�� p��� A . Also notethatthere
is no x ����� Ω  with p � A�� x � p� � A . Order-separabilitywould requirethat therebe z � Z
with p � Al
 z 
 p� � A i.e. that either p � A or p� � A be in Z. SinceΩ is not finite, it has
uncountablymany subsetslike A, henceZ could not be countable.By Birkhoff ’s theorem,
thereis noutility representation.4
Proof of Theorem 9. For any orderedset d X � 
ge , let � x � y(�i� z � X : x � z � y � � for x � y in X �

Let � well-orderΩ. Weshallconstructanuncountablecollectionof intervalsin ��� Ω  . Let

τω � �+� θ � : θ , ω � !j� θ : ω � θ � �
τ � �+� ω � : ω � Ω � �

Since 
 is monotonic, for all ω , θ � τω � τθ � Thecollectionof intervals �?� τω � τ  � ω > Ω is well
orderedby set inclusion, as Ω is well ordered. Theorem3.1 of Beardonet al. (2000) then
ensuresthat d���� Ω  � 
fe is long. 4
Proof of Proposition 8. Let C � Ω � A denotethespaceof continuousfunctionsfrom Ω to A �
endowed with the topology of uniform convergence. If A is finite and Ω a compactmetric
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space,C � Ω � A is a separablemetricspace(seeAliprantis andBorder(1999,Theorem3.85)).
Sinceseparabilityis hereditaryin metricspaces,f �h��� Ω ^ is aseparablemetricspace.Thus,by
Debreu(1954,TheoremII) any continuouspreferencerelationon f ����� Ω ^ is representable.

Let thepreferencerelation � on f �h��� Ω � bedefinedby aτ � aτ F if andonly if τ 
 τ � . A
convergentsequencein C � Ω � A is eventually constant,asA is finite andC � Ω � A is endowed
with thetopologyof uniformconvergence.Thus � is continuous. By Debreu(1954,Theorem
II) thereis a utility functionu : f �h��� Ω ^�� R that represents�-� Definingv : ��� Ω �� R by
v � τ (� u � f � τ � weseethatv represents
U��4
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