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Monotone Preferences over Information

Juan Dubra and Federico Echenique

Abstract

We consider preference relations over information that are monotone: more information is
preferred to less. We prove that, if a preference relation on information about an uncountable set
of states of nature is monotone, then it is not representable by a utility function.

KEYWORDS: value of information, Blackwell s Theorem, representation theorems, monotone
preferences
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1 Intr oduction

“We would like to seeit asa desideratunfor normatie decisiontheoriesthat
receiptof new informationwill alwaysbeappreciated.Wakker (1988)

Understandindghe valueof informationhasbeenin the mindsof economistsand statigi-
ciansfor a long time. Thereis an older literature(e.g. Blackwell (1951), Marschak(1974),
Gould(1974),andAllen (1983)),anda renaved interestin the valueof informationin recent
years(e.g.Athey andLevin (1998),Persico(1996),andPersico(1999)).

In this paperwe make four contritutionsto thisliterature.First we prove two impaossibility
theorems.We considermpreferenceelationsover informationthatare monotae, in the sense
thatmoreinformationis strictly preferredto less;we shaw that, if the statespaceis uncount-
able,nomondonepreferenceelationoverinformationcanberepresentetly autility function.
Thatis, if a decisionmaker alwaysprefersmoreinformationto less,his preference over in-
formationstructurecannotberepresentedly a utility function. Thetwo theoremsaccountor
thetwo usualwaysof modelinginformation throughpartitionsof the statespaceandthrough
o-algebras.

Our resultis importantbecauseét shows thatutility theoryis notlikely to be a usefultool
in the analysisof the valueof information. This finding shouldbe contrastedvith the existing
literatureonthevalueof information,whereutility representationsreused.Theuseof a utility
impliesthatpreference arenot monobne. Besidesmakinga contrikution to the literatureon
the value of information, this resultis also relevant for the literature on utility theory In
particular economisthiave long studiedthebehaioral consequences theexistenceof utility
functions.For example Koopnmans(1960)shavedthatif autility functionfor theuncountable
setof infinite pathsof consumpbn exists, the decisionmaker mustexhibit impatience. Our
resultshavs thatif a utility functionfor informatian structureson anuncountablestatespace
exists the decisionmaker mustexhibit indifferenceto informatian.!

Our secondcontrikution is didactic. We give a simple proof of one of our impassibil-
ity theoremswhenthe statespaceis [0,1]. We believe that this is a betterexampk of non-
representabilitythan the usualtextbook example,lexicographc preferences.Lexicographic
preferencearenotpresentn mary economicapplicatiors, while problemsnvolving thevalue
of informationarecommon.Our methodof proofis essentiallthe sameasthatof thestandard
textbodk proof of non-representabijitof lexicographc preferences.

Our third contribution is to shov thatmonotame preference over informationarethefirst
economicexampleof non-representabilitthatis essentiallydifferentfrom lexicographicpref-
erences.Recently Beardon,Candeal,Herden,Indurain and Mehta (2000) have shavn that
thereareexactly four classe®f non-representablereferencespneof which s the setof pref-
erenceghatareisomorphc to lexicographc preferencesBeardonet al. (2000)arguethatall
economicexamplesof non-representabilitbelongto the lexicographc class;we shawv that
monotae preference over informatian belongto oneof the otherthreeclassegconcretelyit
is alongline, seebelow for adefinition).

IWe thankStepherMorris for bringing this closeconrectionto our attention
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Our final contribution is to shav that monobne preference over information on an un-
countablestatespacearea violation of expectedutility. Wakker (1988)sugges that(weakly)
monotae preferencesver informationmight imply expectedutility. In light of our results,
thisis false. An expectedutility maximizers preferencesnducean (indirect) utility function
for information structuresand our main resultshows thatif preferencesre monobne (and
thusweakly monobne)they arenotrepresentablby a utility function.

1.1 Monotone preferences

The maintanedassumptnin the paperis thatpreferencearecomplete transitve andmono-
tone.Monownicity in our context meanghatif partition(or o-algebra)A is finer thanpartition
(or o-algebra)B, the decisionmalker strictly prefersA.

An objectionto this assumpbn is thata decisionmaker (DM) who conformsto Savages
axioms,andthushaspriorsoverthestatespacewill nothave monotmepreferenceoverinfor-
mationif the statespacds uncountableTo seethis, supposédhatthe statespaceds theinterval
[0, 1], andthatDM’ s priorsarerepresentedly theuniformdistribution. ThenDM is indifferent
betweertotalignoranceandreceving asignalthattells herif thestatel/2 hasoccurredor not.
Ex-postknowledgeof the statel/2 maybevaluable but sinceit is a probabilityzeroeventthe
signalis worthlessto DM.

The sourceof theproblemis notsimply thatpriorsrule outalargenumberof atoms.There
are modelsof non-epectedutility (e.g. Schmeidler(1989), Gilboa and Schmeidler(1989))
thatallow anuncountablenumker of atoms.2 Our resultimpliesthat,evenfor thesemodelsa
representatiors impossible.

Still, we believe thatmonotaicity is a naturalassumpon for atleastfour reasonskFirst, it
is dubiausthat,if asked, mary peoplewould be exactly indifferentbetweerignoranceandthe
1/2-signalabove. It is, afterall, anempiricalquestion whatis the bestbehaioral assumptin
for the analysisof information,Savages axiomsor monotaicity? The stageis indeedsetfor
a“paradox; if peoplemake monotonechoicesover informationthey cannothave priors.

Thequestiorthenarises:how would onetestfor monotaicity?® We now turnto thisissue,
by describinga choiceproblemwherethe decisionmaker mustfirst choosethe information
structurethat he finds more usefulfor a secondchoiceprobleminvolving bets. Supposedhat
partitionT is finer thant’, sothereis anelementk’ of U thatis the unionof a collection{kq }
of elementf 1. Let k beary elemenbf thecollection{ky } andk® theunionof therestof the
elementof the collection. Theindividual mustfirst choosebetweert andt’. Then,after he
isinformedin whatelemenof the chosempartitionthetrue statelies, he mustchoosebetween
thefollowing acts(bets)

i)z if the stateis in k andfc—1 2 if the stateis in k°
~ | 0 otherwise ~ | 0 otherwise,

2For example, a capacitycanassigrpositive massto anuncountablenurrberof singletors. Seesection2.4for
anexampge with maxminprefeences.
3We thanka refereefor raisingtheissueof how to elicit preferencesver informationstructues.
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wherezis alarge sumof mongy. Thisis basicallythe 1/2-signalexampleabove. Our experi-
encein classroomandseminar‘experiments’is thatanimportantproportionof peopletrained
in probability and Bayesiandecision-makig, like economistsdisplaymonobne preferences
in testslik e this. For this reasorwe believe thatmary peopledo have mondonepreferences.

A secondreasonwhy oneshouldstudythe consequencesf monotoricity wasbeautifully
statedby Wakker (1988) in the quotaton at the beginning: monotoncity is normatvely a
naturalassumpon, andthereforejts consequencesustbeinvestgated.

A third reasorwhy monobnicity is relevant, is thatthe problemof whetheranindividual
likesfiner partitionsis independenodf, andmaybemorebasicthan,whetherDM’ s preferences
accordwith Savages theory We may wish to analyzethe robustnesf a utility represen-
tation, in which casewe needto analyzearbitrary preference over information, and repre-
sentationbreaksdown. In fact, representatiomestson a large numberof indifferences;any
psychologtal wrinkle thatcouldtilt this indifferencesowardsmonotoncity makesary utility
representatiobreakdown. In avaguesensethen,representablpreferencesverinformation
arenon-generic.To illustratethis point, we shov how monotonepreferencesrisenaturally
if the individual is a maxminimzer. Sinceit hasbeenamguedthatthis may happenf DM is
uncertaintyaverse the experimentakvidencethatindividualsdislike uncertaintysuggest that
monotme preference maybe empiricallyimportant®

A fourthreasorwhy we think thatmonotore preferencesareimportantis thatintrospectbn
anda very wide body of psychologtal researctsuggesthatinformatian hasintrinsic value®
Thatis, peoplevalueinformationnot only to make contingentplans,but alsofor its own sale.
Psychologist have long recognizedhe importanceof anticipatoryfeelingsrelatedto the ac-
quisiton of informationandresolutionof uncertainty For instance anxietytheoryis today
oneof themostactive areasf researb in psychol@y. Of course the desireto reduceanxiety
will inducemonotonepreferencs for informaton® Grantet al. (1998) quotea physicianas
saying,abouttestsof incurablegeneticdisordersthat “There are somepeoplewho, evenin
the absencef beingableto alter outcomesfind informationof this sortbeneficial’ In those
casesgvenif peoplehave priorsoverthestatespacepreferencefor informationwill typically
be monotae.

Finally, a commenton the criticism that monotonepreferencesre uninterestingoecause
they precludeexpectedutility is in order Takenseriouslythis view impliesthatwe shouldnot
studyany problemsbeyondtherealmof expectedutility. Then,a hostof interestingquestims
suchas, just to namean example, the relation betweenrisk and information could not be
analyzed.

4SeeGilboaandSchmeidle1989) wherethe relationbetweeruncertinty aversionandmaxminprefereces
is discussed.

5See for examge, Grantetal. (1999, Chav andHo (1994) Ahlbrectt andWeber(19%) andthe references
citedtherein.

60n thetopic of anxety andanticipatoy feelingsin ecoromics,seeCaplinandLeahy(2001).

’SeeGrantet al. (1998), Schlee(1990), Schlee(1991) Machina(1989) and Safraand Sulganik (19%) for
moreonthistopic.
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2 The Non-representationTheorems

Onesstratgy for modelinginformationis to identify informatian with partitionsof the state
space;in this model, more information signifiesa finer partition. In mathematis, this ap-
proachwasinitiatedby Hintikka (1962),andintroducedto economicdy Aumann(1974). A
preferenceelationon the setof all partitiors is monotonef finer partitionsare preferredto
coarselpartitions Thesecondapproachs to modelanagentsinformationby a c-algebraover
the statespace—thisapproachs commonin statisics, but alsoin economicsandfinance. A
o-algebrarepresentsnoreinformationthananothero-algebraif it is finer. Preferencesnthe
setof o-algebrasaremonobneif, wheneer one o-algebrais containedn anotherthelarger
oneis preferred.

In this sectionwe prove the main resultsof this paper: that monotme preference over
informationcannotberepresentedy a utility functionif the statespaces uncountableln the
next subsectionwe prove theresultfor the partitiors approachin Theoreml. In thefollowing
subsectiomwe prove it for the g-algebraapproachin Theorem2.

Theoremsl and?2 areindependentesults,asthetwo approacheso modelirg information
arenotequvalent,andneithermodelis moregenerathanthe other(seeDubraandEchenique
(2000)).

2.1 Partitions

In this sectionwe modelinformationby partitionsof a setof possiblestatesof nature,Q. A
partition T of Q is a collection of pairwisedisjoint subsetsvhoseunionis Q; notethat for
eachstateof naturew thereis a uniqueelementof t thatcontainsw. A decisionmaker whose
informationis representedby t is informedonly that the elementof T that containsthe true
stateof naturehasoccurred. In otherwords, the decisionmaker cannotdistinguishbetween
stateghatbelongto the sameelementof T1.

A preferencerelation on a setX is a complete(total), transitve binary relation on X.
Throughouthis note,the symbol< will standfor a preferenceelation. A preferenceelation
< isrepresentablef thereis afunctionu: X — R suchthatx <y if andonly if u(x) < u(y).

Let P(Q) bethesetof all partitionsof Q. If 1,7 € P(Q), saythatt’ is finer thant # T’ if,
for every A€ 1/, thereis Bin T suchthatA C B. A preferenceelation< on ?(Q) is monotone
if T <1 wheneert’ is finerthant.

Monotontity is a naturalassumptin on preferencs: if 1/ is afiner partitionthant, then
T containsmoreinformation® Theintuition is the following. Supposea decisionmalker has
informationrepresentethy T/. Whenstatew occurs,sheis informedof theeventB € 1’. That
is, sheknows that somestatein B hashappenedbut doesnot know which one exactly. If
herinformationhadbeenrepresentedy 1, shewould have known thata certaineventA D B
occurred.In this case shecouldnot rule out statesn A but notin B, whereasif herpartition
is T/, shewould know thatstatesn A\B did notoccur

8Which doesnot contradictthatt’ could have moreinformationthant andnot befiner, only thatrefinemet
is sufiicientfor moreinformation. So,our definitiondoesnot contradictthe analysisin Athey andLevin (1998)

http://www.bepress.com/bejte/topics/voll/issl/artl
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We now stateour maintheorem. It establisheshat whenthe statespaceis uncountable,
preferenceshatprefermoreinformation to lesscannotbe representedy a utility function.

Theorem 1 LetQ beuncountaéle. If < on?(Q) is monotom thenit is notrepresentable

Remark. Althoughall thetheoremsn this noteare statedfor completepreordersthe proofs
shaw thatthetheoremdoldfor possiby incomplee preordersFor example, Theoreml would
saythatif anincompktepreferenceelationis monotonetheredoesnot exist a representable
properextensia.?

All proofs,exceptthat of Proposition3, are presentedn the appendix. To gain somein-
tuition for why the theoremis true, recall that the representatiof a preferencerelationis
alwaysa matterof how largeindifferencecurvesare—atoneextreme,if anagents indifferent
betweenall elementsof her choiceset,thenher preferencesare representedby any constant
function. Here,monotaicity of preferencesveralargeset,thesetof partitionsof anuncount-
ableset,impliesthe existenceof “too mary” indifferencecurves. The proof of Proposition3,
in turn, gives amorepreciseintuition for why Theoreml is true.

2.2 o algebras

In statisticsandfinance but alsoin economicgseefor exampleAllen (1983)),theinformation
possesedby anindividual is often modeledthrougha o-algebra,and not a partition on the
spaceof statesof nature. In this model, thereis a primitive measurablespace(Q,F), and
informationis identifiedwith sub-o-algebrasof F.

Let (Q, 2?) bethe primitive measurablepace.Let F (Q) be the setof all o-algebrason
Q. If F,Ge F(Q), saythatF is finer thanG if G is a propersubsebf F, notedG C F. The
intuition behindthe useof o-algebrass thatif A,B C Q arenotmeasurabléut AUB is, then
the decisionmaker cannotdistingush betweerstatesn A andstatesn B; shecandistinguish
betweenstatesin AUB andin (AUB)®. Thusif F is finer thanG, thenF representsnore
informationthanG.

A preferenceelation=< on ¥ (Q) is monotoneif G < F whenever F is finer thanG.

Theorem 2 LetQ beuncountale. If < on F(Q) is monotonehenit is notrepresentable

2.3 Theorem1junior grade

Theoremsl and 2 shaw that utility theoryis not a usefultool in the analysisof the value
of information. Besidesthis substantre contrikution, we canalso make a didactic contribu-
tion by providing a simde exampk of non-representabilityThe canonicalexampleof non-
representabilityis lexicographc preferencesbut the only place studentsof economicsfind
lexicographicpreferencesis in discusfons of representability We believe that preferences
over information is a morerelevantexampk of non-representabiiit Propositiomn 3 showvs that

9A preoder< is aproger extersionof < if p < qimpliesp < g. SeeDubraandOk (2000).
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no monotonepreferenceover informationon partitionsof [0, 1] is representableThe method
of proofis basicallythe sameasfor lexicographicpreferences.

Proposition3 LetQ = [0,1]. If < on?(Q) is monotoneghenit is notrepresentable

Proof. Supposeby way of contradictionthatthereis afunctionu: P(Q) — R thatrepresents
<. Foreachx € (0,1) let

Tx={{y} :0<y<x}U[x1],

L= {{y}:0<y<xju(x1].
Note that tx, Ty € P(Q), andthatty < T}, asTy is finer thanty. But thenthereis a rational
numben (x) suchthatu(tx) < r(x) < u(ty). Letx # %, sayx < X, thenti is finerthant,. Thus

U(Tx) < 1 (X) < u(T)) < u(tx) < r(X) < u(ty).

But thenr is injective, a contradiction H

Remark. Non-representabilityn generaluncountal# subset®of R canbe provenby a slight
modificationof the proof of propositon 3.

2.4 An example: Maxmin Preferences

An expected-utiliy-maximizerdoesnothave monotme preferencesverinformation Herewe
presentan exampleof a decisionproblemwith maxminpreferencesynderour assumptios,
the derived value of informationis suchthat beinginformedin a particularstatemakes DM
alwaysstrictly betteroff. Becauseof this monobnicity, her preferencesrenot representable
by a utility.

Let Q = [0,1] and P a setof probabiliy measure®n Q. DM mustchoosean element
(action)in A = [0, 1] after observinga signalaboutthe stateof nature. Her state-contigent
utility is givenby u(w,a) = —(w— a)? (e.g.DM is a statisician seekingo minimize themean
squarederror). We will assumehat DM is a maxminimzer, so the utility in eventB when
actiona is choseris

U(B,a) = inf u(® a)

dp(®).
p(B)>0/ p(B) P(®)

We needmaxU (B, a) to bewell defined,sothata[B], the optimal actionin eventB exists.
For example,if P containsall degeneratgriorson Q, thenmaxU (B, a) is well defined.To see
this, let B standfor the closureof B, andag s € argmin,, g(w— a)2, we have thatU (B,a) =
u(ag,a). Thereforel (B, a) is acontinuoudunctionof a, anda[B], theoptimalactionin event
B is well defined.

A setP of probabiliy measuresver Q is broadif the setof w € Q suchthat p(w) > 0
for somep € P is uncountable. This is the case,for exampk, if P containsall degenerate
probability measures.Natural choicesof P are broad, for examplethe setof all priors, or,
givenaprior p, the“e-contaminatedsetof all ep+ (1—€)p’ for arbitrary /. 1°

10This remak is dueto ananorymous referee.
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We will assumehatDM’ s preferencesver partitiors satisfythe following axiom.
Dominance If for all w € Q,
U (ke (00) Nk (@), afke (w)]) 2 U (ke () Nk (), alke (w)])
andthereexists® andp € P with p(&) > 0 suchthattheabove inequaliy is strict,thent > 1’

DM is comparingwo partitionst andt’. In doingso,sheimaginesherselfin afixedevent
k: (W) Nky (w) . Supposesherealizeghattheutility shewould obtainby choosinghet-optimal
actionin ary of the statesin thateventis weakly larger thanthat shewould obtainfrom the
T-optimalaction. Supposeén additionthatDM believes that, with positive probability, a state
will occurin which, choosingthe optimal actionundert will make her strictly betteroff than
choosingthe optimal actionundert’. Thensheshout strictly prefer partitiont over t/. We
shallassuméhatDM usesBayesiarupdatingonall priorsin P, thisis for simplicity, thereare
otherchoiceqGilboaandSchmeidler1993).

Proposition4 Let < bea prefeencerelationover P(Q). If P is broad,U (B, a) is continuas
for all B, and < satisfiesdominarte then= is notrepresentable

Remark. If dominancas strengthenedothattheconclusiorfollowswithoutrequiringp(w) >
0, thenwe obtainnon-representatioalsofor expectedutility. We usemaxminasanaturalway
of incorporatingmultiple priors,andthusanuncountale numberof atoms.

3 Recovering the representaton.

Giventhenegativeresultin Theoremil, onemaywonderunderwhatconditicnsonecanrecover
autility representatiofor preference$or information.In this sectionwe discusgheexistence
of a representatiowwhenQ is countable andthenpresentwo alternatve modelsthatyield a
representatiormndcommenton their relative merits.

In whatfollows we will only dealwith the partitionsmodelbecauseve believe thatthisis
themorenaturalway to modelinformation.

3.1 CountableQ

It is naturalto askif Theoreml canbe strengthenetio countableQ. Example5 shows that
it cannot. WhenQ is countable thereare monotonepreferencesver information that are
representableExample5 may be someavhat misleading, though We shov (Theorem6) that,
if preferencearemonobne,but individual statesarestill relatively unimportantthenthereis
autility if andonly if Q is finite.

Published by The Berkeley Electronic Press, 2001
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Example5 ConsiderQ = {(1/2)i e N}. AnyT € P(Q) hasat mosta countablenumber

of elementssayt = {Ax : k € N} (if T hasa finite numberof elementsput Ay = 0 asoftenas
necessary)Let
um= 5 infA.
keN,AAD
Thenu representsa monotor preferencerelation over informaion on Q (namelythe prefer
encerelationinducedby u).

Let Q beasetand=< apreferencaelationon P(Q). An elementw € Q is anatomfor <
if, for any A C Q with w € A andatleasttwo elements,

{AA} 212 {{w}, A\ {w},A%}

is satisfiedonly for T = {A,A%} or T = {{w},A\ {w},A°}. A stateof natureis anatomif the
decisionmaker gainsrelatively little from being perfectly informed aboutthis state—inthe
sensdhatary partitionthatis preferredover { A, A°} is alsopreferredover {{ w} , A\ {w},A°}.

Theorem 6 Let Q be a set. A monotme prefeencerelation on P(Q) that hasan atomis
representablef andonlyif Q is finite.

3.2 Priors on Q and worthlessstates.

We arguedin the Introducton that the existenceof priors on the setof statesof naturecould
imply that preferenesare not monobne. We presenta simple modelwherea utility repre-
sentatiorfor partitions arises.Versionsof this modelareusedin mary paperson the value of
information(e.g.Blackwell (1951)andAthey andLevin (1998)).

We shallnow rule outintrinsic preferencegor information,andonly considempreferences
for informationderivedfrom therole of informationin guiding choices.

Thereis a setQ of statesof nature. DM mustchoosean action,anelementin a compact
setA, afterobservinga signalaboutthe stateof nature.DM’s prior knowledgeis represented
by the probabilitymeasureu over Q, given a probabilty space(Q, F, ). In this section,?(Q)
will standfor the setof measurablgartitions.Letu: Q x A— R be DM’s(measurablejtate-
contingentutility function. Givenary partition T € 2(Q) andw € Q, let k¢(w) betheelement
of T thatcontainsw. Whenw is realized,the decisionmaler is informedthat an elementn
ki (w) hasoccurred.Let
a'(w) € ag max/ u(, a)du(),

acA ke (W)
sothatfor eachw, a*(w) is DM’s optimal choice,givenhersignalk;(w) (in factthe selection
a(.) canbetakento be measurable)We saythata preferenceelation< on P(Q) is derived
from priorsiif it is representedly a utility functionU : P(Q) — R suchthat

= [{[ @ o ()h() o)

http://www.bepress.com/bejte/topics/voll/issl/artl
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for someactionspaceA, u: Q x A— R andbeliefsp.
As atrivial corollaryof Theoreml, we obtainthe following result.

Corollary 7 If < on ?(Q) is monotoneand Q is uncountake, then < is not derivedfrom
priors.

To seewhy theresultingpreferene relationis not monotae, let all singletonsetsbe mea-
surable(i.e. {w} € F for all w € Q) andnotethatall but a countablenumberof w have zero
probability. Then,sinceit is worthlessto be perfectlyinformedin a zero probability event,
DM’ s utility is not higherafterarefinemeniof a zeroprobability w. Thus,requiringthatDM
haspriorsis like reducingthe sizeof Q.

Note that the constructon of U requiresa good deal of faith in the setup. If we wish
to analyzethe robustnesf theU constructionwe would needto considermpreferenesover
P(Q), andrepresentatiois nolongerguaranteed.

3.3 Finite Action Space.

Thevalueof moreinformation of afiner partition,isthatDM haslessrestrictionsonherchoice
of action. DM must choosethe sameaction at statesthat she cannotdistinguish between,
so a finer partition easessomerestrictionsand thus mustmake DM (weakly) betteroff. If
DM facesa limited numberof alternatve actions,moreinformationmay not alwaysmale a
difference—DMwill not strictly gainfrom moreinformation. Thus,a limit on the numberof
possibé choiceshasmuchthesameeffect astheexistenceof priors, it limits thevalueof being
informedin particularstates.

The setupin this sub-sectioris the sameasin 3.2, only we now allow for more general
preferencesThe setof statesof natureis Q, DM mustchooseanactionin A after observing
a signalaboutthe stateof nature. The primitivesof the modelarea collection{<g}g o0 Of
preferenceaelationsover A, anda preferacerelation< over 2(Q).

Theinterpretatiorof <g for afixedsubseB of Q is thefollowing. Supposestatew occurs
andDM isinformedof theelemenbf thepartitionthathasoccurredsayB = k;(w). Giventhis,
shechoosesnactionthatis maximalaccordingto <g. Saythata;(w) is the maximal action
accordingo < (- Thus,eachpartitiont generateafunctiona; : Q — A. Let f : (Q) — AL
bethe mapthattakespartitionsinto functionsfrom Q to A: f (1) = ay.

DM is also endaved with the preferencerelation < on P(Q), which is assumedo be
consistenwith the collection{<g} in the sensethat, if two partitionst andt’ are suchthat
ar=ay, T~T.

The next propositon shavs, aswasarguedin the beginning of this section,thatreducing
thenumberof actionsDM canadoptenablesepresentationf herpreferences.

Proposition8 If Q is a compactmetricspaceA is finite, and f (1) € A? is continuos for all
T, then<is representable
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4 Preferencesover information are not lexicographic

“So the answerto the crucial questionin utility theoryaboutwhetheror not the

only non-representabjareferenceelationis essentiallthe Debreu(lexicographic)
chainis, somavhatinformally, yesprovidedthatwe do not wantexamplesbhased
on ordinalnumberswith large cardinality’ Beardonetal. (2000)

Theorem9 belonv shavs that a monotonepreferenceover an uncountal# statespaceis
essentiallydifferentfrom lexicographicpreferances. As wasshavn in Proposition3 onecan
build anexampleof anonrepresentablpreferenerelationthatmakesnoexplicit useof ordinal
numbers Still, of coursethereasonvhy representabilityailsis thelarge cardinalityof the set
of all partitionson Q : non-representabilitin Theoreml comesrom the existenceof too mary
partitionsto be ranked strictly. The existenceof a utility would imply thatthereare“only” a
continuummary partitionsthatcanbe strictly ranked.

Thedual orderof agivenorderedset(X, <) istheorder<4 on X definedby x <4 y if and
only if y < x. Lety bethefirst uncountablerdinal. An orderedset(X, <) islong if (X, <), or
(X, =4q), containa sub-chairwhich is orderisomorphicto [0, y). 1

Theorem 9 LetQ beuncountdle. If < on?(Q) is monotor then(?(Q), <) is long.

Beardoretal. (2000)shaw that,if (P(Q), <) islong,it is notorderisomoghic to thelexico-
graphicline. So,our non-representatiotheorems essentiallydifferentfrom thelexicographic
result.

5 Concluding Remarks

In large sets,the representationf a decisionmaker’s preferencedy a utility dependson the
“size” of herindifferencecurves. At oneextreme,if DM is indifferentbetweenall possible
statesherpreferencearetrivially representablahisis alsothecasef DM hasafinite number
of indifferencecurves. Preferenesover informatian are typically weakly monobne, in the
sensghatmoreinformationis weaklypreferredo less.We shaw thatif indifferencds ruledout
for alargeenougtsetof statedy requiringstrictmonotoricity, thereis noutility representation
for preferencesverinformation

The questionof weakvs. strict monotoricity is reminiscenof preference over sequences
of outcomesn repeatedyames. The “overtakingcriterion” assumeghat no outcomein an
individualtime periodis important,while the “discounting criterion” assumesghata changan
payofsin ary singletime periodmakesadifference Here,asin repeatedjamesbothassump-
tionshave theirmerit. But, unlike in repeatedjamesherethey give very differentconclusioss.
Whenindividual statesareunimportaint(e.g.becausef Savages axioms or becausehereare
few alternatve actions)thereis a utility, but whenenoughstatesareimportantthereis none.In
our opinionthis impliesthatary representationf preference®ver informationis not robust
to changesn theernvironment.

lseeBeardoretal. (2000) for details.

http://www.bepress.com/bejte/topics/voll/issl/artl
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6 Appendix

Proof of Theorem 1. Let < linearly orderQ (suchan orderexists for example,let < well
orderQ). Forall w € Q, definet,, T, € P(Q) by

Tow=1{{0}:0<B<wjuU{B: w6},
1,=1{{6}:0<0<w}uU{B: w<6}.

Notethatt,, is finer thant, andthatif w < @, thent), < 14,

Supposeby way of contradiction thatthereis a utility u: ?(Q) — R thatrepresentss.
Then, for eachw € Q thereis a rationalnumberr(w) suchthatu(ty,) < r(w) < u(t,,). Let
w# ® sayw < &, thenr(w) < u(ty,) < u(tep) < r(w). Thusr: Q — Q is aninjection, a
contradictiomasQ is uncountable &

Proof of Theorem 2. Let < linearly orderQ, andendav Q with the orderinterval topology
For all w € Q, let B, denotethe Borel g-algebraon {6 : 6 < w}, and B, the Borel o-algebra
on{6: 6 < w}. To eachw we associatéwo o algebrass,, anday, definedby

Ow = BuU{BU{B:w<0}:Be By}
o, = B,U{BU{B:w<B}:Be B}

First, it is easyto checkthat o, and o, areindeedo algebras. Second,o,, C o}, asary
{6: 6 < w}-opensetis openand containedin {6:6 < w}. Then,{w} € o, and{w} ¢ o,
imply thato, C og,.

Supposeby way of contradiction thatthereis a utility u: 7(Q) — R thatrepresents<.
Monotoricity ensureshatonecanassigno eachw arationalr (w) suchthat

U(Og) < I(w) < u(ay,).

Now pick arny 3 € Q, sayw < 3. Sinceary {0: 6 < w}-closedsetis {6: 6 < B}-closed,B;, C
Bg. Then,{B8: w < 8 < B} € Bg impliesthatay, C ag. Thus,

U(0g) < r(w) < u(ay,) < u(op) <r(B) < u(ap),
andr is injective, a contradiction.ll
Proof of Proposition 4. We now shaw that, if a partitiont is a “one-pointrefinement’of 1/,
thent > 7. Pickary k € T’ with atleasttwo elementsandfix w € k with w # a[k]. We will

now show that
1={In{w}:let}u{ln{w}®: 1 et}

andt’ satisfydominanceT is a one-pointrefinemenof 1’).
Notethatfor all o ¢ ky (w) , we have thatky (') = k¢ (o) andthus

U (ke (&) ke (09) ,alke (@f)]) = U (ke (o) ke (00) 2 ke (9)])

Published by The Berkeley Electronic Press, 2001
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Now, fix any o/ € k. Two casesnustbe considered.
l) W = w. Inthiscasek; (o) Nky (') = {w} . SinceP is broadthereis p € P with p({w}) > 0.
Sincew # a[k] we have

U({w},alke (w)]) = U({w},alk)

u(@,alk]) , .
{w/} p({w)) WP
= u({w},alk)

< u(@0) =U ({0}, alk (@)

I) of # w. Inthiscasek; (o) Nky () = ke () . Then,by definitionU (k; (o) ,alke (w)]) >
U (ke (o), alky (o)]).

In fact, monobnicity to one-pointrefinementss all thatis neededn the proof of Theo-
rem1l. Thus=< is notrepresentablel

Proof of Theorem 6. The proof makesuseof the classicalrepresentatiotheoremof Garrett
Birkhoff (seeTheorem3.5in Kreps(1988)): a preferenceaelation < on a choicespaceX is

representablé andonly if X is orderseparablethatis, if andonly if thereis Z C X, countable,
suchthatx,y € X, x < yimply thatthereisze Zwithx<z=<y.

(if) If Q isfinite, then?(Q) is finite andthereforeorderseparableBy Birkoff’s Theorem,
< isrepresentable.

(only if) Let Q beinfinite andw € Q anatomfor <. Thereis an uncountal® number
of setsA thatcontainw andhave at leastanotherelement.Let p(A) = {A,A} and p'(A) =
{{w},A\ {w},A°}. Notethatp(A), p'(A) € P(Q) andthat p(A) < p/'(A). Also notethatthere
isnox e P(Q) with p(A) < x < p'(A). Orderseparabilitywould requirethattherebez € Z
with p(A) < z=< p'(A) i.e. thateither p(A) or p'(A) bein Z. SinceQ is not finite, it has
uncountablymary subsetdike A, henceZ could not be countable. By Birkhoff’s theorem,
thereis no utility representationl

Proof of Theorem 9. For ary orderedset(X, <), let (x,y) = {z€ X : x<z=<y}, forx,yin X.
Let < well-orderQ. We shallconstructanuncountableollectionof intervalsin P(Q). Let

Tow = {{6}:6<w}uU{B:w< B},
T = {{w}:weQ}.

Since= is monotoric, for all w < 8, T, < Tg. Thecollectionof intenvals { (T, T) }cq is well
orderedby setinclusion, as Q is well ordered. Theorem3.1 of Beardonet al. (2000) then
ensureshat(?(Q),=<) islong. B

Proof of Proposition 8. Let C(Q,A) denotethe spaceof continuousunctionsfrom Q to A
endaved with the topology of uniform corvergence. If A is finite and Q a compactmetric

http://www.bepress.com/bejte/topics/voll/issl/artl 12
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spaceC(Q,A) is aseparablenetric spaceseeAliprantis andBorder (1999, Theorem3.85)).
Sinceseparabilityis hereditaryin metricspacesf (P(Q)) is aseparablenetricspace Thus,by
Debreu(1954,Theoremll) ary continwbuspreferenceelationon f (?(Q)) is representable.

Let the preferenceelation< on f (?(Q)) bedefinedby a; < ay if andonly if T <1'. A
corvergentsequencén C(Q,A) is evenually constantasA is finite andC (Q, A) is endaved
with thetopologyof uniform convergence.Thus< is continuous By Debreu(1954,Theorem
I) thereis a utility functionu: f (?(Q)) — R thatrepresents . Definingv: P(Q) — R by
v(T) = u(f (1)) we seethatv represent<. l

References

Ahlbr echt, Martin and Martin Weber, “The Resolutionof Uncertainty: An Experimental
Study’ Journal of Institutional and Theoetical Economics Decemberl996, 152 (4),
593-607

Aliprantis, CharalambosD. and Kim C. Border, Infinite DimensionalAnalysis Springef
Verlag,1999.

Allen, Beth, “Neighboring Information and Distributions of Agents’ CharacteristicdJnder
Uncertainty’ Journd of MathematicaEconomics1983,12, 63—101.

Athey, Susanand Jonathan Levin, “The Valueof Informationin Monotore DecisionProb-
lems; Novermber1998. Mimeo M.I.T.

Aumann, Robert J., “Subjectvity and Correlationin RandomizedStratgjies; Journal of
Mathemattal Economics1974,pp.67-96.

Beardon, Alan F., Juan C. Candeal, Gerhard Herden, Esteban Indur ain, and Ghan-
shyam B. Mehta, “The Non-Existenceof a Utility Functionandthe Structureof Non-
RepresentablBrefereceRelations), 2000. Mimeo.

Blackwell, David, “Comparisorof Experiments,in J.Neyman,ed.,Proceedingofthesecond
Berkeley symposiunon mathematal statigics and probability, University of California
PressBerkeley andLos Angeles1951,pp.93-102.

Caplin, Andrew and John Leahy, “PsychologicaExpectedUtility TheoryandAnticipatory
Feelings, Quarterly Journal of Economics2001,116(1), 55-79.

Chew, SooHong and Joanna L. Ho, “Hope: An Empirical Study of Attitude toward the
Timing of UncertaintyResolutior, Journal of Riskand Uncertainty May 1994,8 (3),
267-88.

Published by The Berkeley Electronic Press, 2001

13



Topics in Theoretical Economics , Vol. 1 [2001], Iss. 1, Art. 1

Debreu, Gerard, “Representationf a PrefereiceOrderingby aNumericalFunction’, in R.M.
Thrall, C.H. CoombsandR.L. Davis, eds.,DecisionProcessesWiley, New York, 1954,
pp.159-65.

Dubra, Juan and Efe Ok, “A Model of ProceduraDecisionMaking in the presencef Risk;
forthcomirg InternationaEconomicReview 2000.

____ and FedericoEchenique, “Measurabiliy is not About Information; Mimeo2000.

Gilboa, Itzhak and David Schmeidler, “Maxmin ExpectedUtility with Non-uniquePrior,”
Journal of Mathemaital Economics1989,18 (2), 141-53.

and , “Updating Ambiguaus Beliefs; Journal of EconomicTheory 1993,59 (1),
33-49.

Gould, J. P, “Risk, stochastigreferenceandthe valueof information; Journd of Economic
Theory 1974,8, 64-84.

Grant, Simon, Atsushi Kajii, and Ben Polak, “Intrinsic Prefegencefor Information” Journal
of EconomicTheory 1998,83 (2), 233-259.

Hintikka, Jakko, Knowledg andBelief CornellUniversity Press1962.

Koopmans, Tjalling C., “Stationary Ordinal Utility and Impatience, Econometica, April
1960,28(2), 287-309.

Kr eps,David, Noteson thetheoryof choice Westviev PressColorado,1988.

Machina, Mark J., “Dynamic Consisteng andNon-expectedJtility Modelsof Choiceunder
Uncertainty’ Journd of EconomicLiterature, Decembe1989,27 (4), 1622—68.

Marschak, Jacob, Economiclnformation Decisionand Prediction Dordrecht,D. Reidel.
TheoryandDecisionLibrary, 1974.

Persico,Nicola, “Information Acquisitionin Affiliated DecisionProblems, feb 1996.Mimeo,
UCLA.

____,“Information Acquisiton in Auctions; mar1999. Forthcomngin Econometrica.

Safra, Zvi and Eyal Sulganik, “Schur Corvexity, Quasi-cormexity andPreferencdor Early
Resolutionof Uncertainty’ TheoryandDecision Septembef 995,39 (2), 213-18.

Schlee,Edward E., “Multi variateRisk Aversionand ConsumelChoice’ Internationd Eco-
nomicReview, August1990,31 (3), 737-45.

____, “The Valueof Perfectinformationin NonlinearExpectedUtility Theory’ Theoryand
Decision 1991,30, 127-131.

http://www.bepress.com/bejte/topics/voll/issl/artl

14



Dubra and Echenique: Monotone Preferences over Information

Schmeidler David, “Subjective Probabilityand ExpectedJtility without Additivity,” Econo-
metricg May 1989,57 (3), 571-587.

Wakker, Peter P., “NonexpectedUtility a Aversionof Information’] Journal of Behaviogl
DecisionMaking, 1988,1 (1), 169-175

Published by The Berkeley Electronic Press, 2001

15



Topics in Theoretical Economics , Vol. 1 [2001], Iss. 1, Art. 1

Colophon
We would like to thankJean-Pierr@endt, Hugo Hopenhayn,Jean-Jacqudsaffont, Ernesto

Mordecki, StepherMorris, andan anorymousrefereefor their comments.Part of this work
wasdonewhile JuanDubravisitedtheDepartmenof Economcsat Yale,andFedericcEchenique

visitedU.C. Berkeley.

http://www.bepress.com/bejte/topics/voll/issl/artl

16



